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Abstract 

We take advantage of the correspondence between fibered links, open book 
decompositions and contact structures on a closed connected 3-dimensional 
manifold to determine a mixed link diagram presentation for a particular 
fibered link L in the lens space L(p,q). Moreover, we construct a diagram 
for the lift of L in the 3-sphere S 3 in order to show that, for q = 1, L is com¬ 
patible with the standard contact structure of L(p, 1) when p < — 1. 

Key words and phrases : fibered knot/link, open book decomposition, contact 
structure, lens space 


1 Introduction 

In [H] Harer defines two different operations which one can apply to a fixed 
fibered knot/link in a 3-dimensional manifold M 3 in order to get all the other pos¬ 
sible examples of fibered knot/link. A knot A is a fibered knot if there exists a map 
7T : M 3 \ K —> 5* 1 which is a fiber bundle and a homeomorphism tp : K x D 2 —> u(A), 
where n(A) is a suitable tubular neighborhood K such that p o tt\ Kx q D 2 coincides 
with the projection on the second factor. For instance, the trivial knot in the 3- 
sphere S 3 satisfies these properties. 

The interest in the study of fibered knots can be justified by several reasons. In [ SkJ 
Skora assumes to fix a fibered knot as braid axis in order to extend the Alexander 
trick and to generalize Markov’s theorem to a generic 3-manifold. Another remark¬ 
able aspect is the possibility to translate topological results in terms of differential 
properties. More precisely, in jGlj Giroux establishes a one to one correspondence 
between the set of open book decompositions of a 3-manifold, a notion completely 
equivalent to the one of fibered link, and the set of positive contact structures on 
the same manifold. 

The main goal of this paper is to construct a representation via mixed link diagram 
of a particular fibered link L in the lens space L(p, q ). Starting from L it is possible 
to construct all the possible fibered knots/links in L(p,q ) by applying a suitable 
sequence of Harer moves. In literature the link L is already known for specific val¬ 
ues of (p, g), but it is usually represented as its corresponding abstract open book 
decomposition (see for example [KP]). 
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The structure of the paper is as follows. In Section 2 we fix the notation regarding 
knot theory and 3-dimensional topology. After recalling the definition of link in 
a 3-manifold, we give a brief description of surgery theory, which allows to define 
Kirby diagrams for a framed link and Kirby moves. Next, our attention is focused 
on the lens space L(p,q). After some equivalent definitions of it, we introduce two 
ways to represent links embedded in this particular space, the mixed link diagram 
and the band diagram. 

In Section 3 are exposed the notions of hbered link, open book decomposition and 
contact structure, all of them relative to the same 3-manifold M 3 . In this section we 
recall Harer moves and we give a precise description of the correspondence between 
the set of hbered links up to positive plumbing, the set of open book decompositions 
up to positive stabilization and the set of contact structures up to isotopy. 

We start Section 4 with Lemma 4.1 , which describes the effects produced on a given 
open book by performing a surgery transversal or parallel to each page with framing 
0 or 1 , respectively. This lemma turns out to be essential for our purposes. Indeed, 
if we apply it, together with Kirby moves, to a p -framed surgery along the unknot 
which is transversal to each page of the standard open book decomposition (D 2 , Id) 
of S' 3 , we get back the desired presentation of the hbered link L in L(p, 1), as stated 
in Proposition |4.2[ The same procedure can be generalized by taking the integral 


presentation L(p,q), as in Proposition 4.3 


In the last section we outline a procedure which allows us to obtain the lift in S 3 of 
the hbered link L in L(p,l), in order to verify that L is compatible with the contact 
structure induced by quotienting the standard contact structure on the 3-sphere S 3 
under the Z p -action when p < — 1. 


2 Representation of links in lens spaces 

2.1 Basic definitions 

Let Top be the category of topological manifolds and continuous maps and let 
Diff be the category of differentiable manifolds and smooth functions. Since in [ KS] 
it is proved that these categories are equivalent in dimension three, we will provide 
a differentiable structure on a topological 3-manifold each time it will be necessary. 
Given a closed orientable 3-dimensional manifold M 3 , we dehne a link L in M 3 as a 
hnite collection of smooth embeddings 7 ^ : S 1 —?► M 3 whose images Li are pairwise 
disjoint. Each curve is said to be a component of the link. A link with only one 
component is called a knot. A link L C M 3 is trivial if each component bounds a 
disk in M 3 in such a way that each disk is disjoint from the others. 

Two different links L\ and L 2 in M 3 are said to be homeo-equivalent if there 
exists a homeomorphism F : M 3 —> M 3 such that F{L\) — L 2 . In an analogous 
way, we will say that L\ and L 2 are isotopy-equivalent if there exists an isotopy 
H : M 3 x [0,1] -7- M 3 such that ho = id M 3 and h\(L\) — L 2 , where ht is de¬ 
fined as ht(m ) := H(m,t) with m £ M 3 . Clearly these two equivalence relations 
are different so, to avoid any ambiguity, we choose to consider links up to horneo- 
equivalence until the end of the paper. 

Thanks to the use of the previous definitions, it is now possible to describe a pro- 
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cedure which allows us to construct new 3-manifolds starting from a fixed knot or 
link in M 3 . Let K be a knot in a smooth closed orientable 3-dimensional mani¬ 
fold M 3 . We observe that it is possible to thicken K to obtain its closed tubular 
neighborhood v(K). By cutting along the boundary dv[K ), we get two different 
3-manifolds: the first one is the knot exterior , i.e. the closure of M 3 \ v(K), and 
the other one is the solid torus z/(iF), which can be identified with the standard 
solid torus S ' 1 x D 2 . Now we can choose an arbitrary homeomorphism h : dv{K) —?► 
d(M 3 \ v(K)) to sew the solid torus back. In this way, we will obtain a new manifold 
M 3 := v{K) U h (M 3 \ v(K)). We say that the manifold M 3 is obtained from M 3 
by a a surgery operation along K. 

The construction of the new manifold M 3 depends on the choice of the homeomor¬ 
phism h. More precisely, M 3 is completely determined by the image of the meridian 
dD 2 x {*} of the solid torus that is by the curve 7 = h{dD 2 x {*}). 

Let us restrict our attention to the case M 3 = S' 3 . If K is a knot in S 3 , the ho¬ 
mology of the complement V S 3 \ u(K) is given by Hq(V) — H\{V) = Z and 
H t (V) 9* 0, for i > 2. A generator of the group H\(V) can be represented by an 
essential curve a lying on the torus dV. This curve is said to be a meridian of K. 
In the same way, by picking up a curve (3 lying on dV which is nullhomologous in 
V but not in dV, we get a curve called longitude (sometimes is also called canonical 
longitude). 




Figure 1: Meridian and parallel for the trefoil knot. 


If we now consider an essential curve 7 on the boundary dV, this curve can 
always be written in the form 7 = pa + q(3, with (p, q) pair of coprime integers, 
after a suitable isotopy. Moreover, the pairs (p,q) and (— p, —q) refer to the same 
curve, since the orientation of 7 is not influent. Thinking of a pair (p, q) as a reduced 
fraction p/q establishes a one-to-one correspondence between the isotopy classes of 
non trivial closed curves on dV except for {a} and the set of rational numbers 
Q. If we want to include a, we must extend Q with another element indicated by 
1/0 = 00 . We write Q := Q U { 00 }. 

A surgery described by a pair (p, q) of coprime integers (o equivalently by an element 
of Q) is called rational. The surgery is called integral if q — ±1. Similarly, one can 
define rational and integral surgeries along a link L C S' 3 : the surgery coefficient 
along each component should be rational, respectively, integral. 

A good way to represent surgeries along a link, both rational and integral, is to 
draw the link and write on each component the corresponding reduced fraction. We 
report two examples in Figure [2] 

The assumption made so far of considering the 3-sphere as ambient manifold for 
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Figure 2: Examples of surgery diagrams. 


surgery operations reveals not to be restrictive since the following theorem holds 
(we refer to Theorem 3.1 of [ Sal for details). 

Theorem 2.1 [L], [W] Every closed orientable 3-manifold can be obtained from 

S 3 by an integral surgery on a link L C S' 3 . 


Thanks to Theorem 2.1, from now until the end of the section we will consider 


only integral surgeries on links in S 3 . We refer to [Sal for the part that follows. 
First of all, we notice that an integral surgery along a link L is equivalent to the 
choice of an integer for each component. This choice is usually called a framing for 
L and L is called framed link. 

From Theorem 2.1a question could raise quite naturally: given two different framed 
links, how can we understand if the resulting 3-manifolds are homeomorphic? In 
order to answer to this question, we need to introduce two operations, called Kirby 
moves , which do not change the 3-manifold represented by a framed link L. 


• Move Kl: 

We add or delete an unknotted circle with framing ±1 which does not link 
any other component of L (see Figure [3]). 



Figure 3: Move Kl. 


• Move K2 

Let us take L\ and L 2 two components of L with framing n\ and 77 . 2 - Moreover, 
let L 2 be the curve which describes the surgery along L 2 . Now, we substitute 
the pair L\ U L 2 with L\ U L#, where L# = Li^L^ is the sum along a band 
b connecting L\ to L' 2 and disjoint from the other components, which remain 
unchanged after this substitution. The sum Li^L' 2 is obtained as follows. 
We start considering a band b — [—1,1] x [—e, e] with { — 1} x [—e, e] lying on 
L\ and {1} x [—e, e] lying on L 2 . Now, to get L#, we substitute {±1} x [—e, e] 
with the sides of the band corresponding to [—1,1] x {—e,e} (see Figure [i]). 
All components but L\ do not change their framing. The framing of the new 
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component L # is given by the formula 

n* := ni + n 2 + 21k(Li, L 2 ). 

The components L\ and L 2 have to be oriented in such a way to define a 
coherent orientation on L#. The orientation depends also on the choice of the 
band used in the gluing process. 



Figure 4: Move K2. 

With the introduction of these two moves, we are ready to state Kirby’s theorem, 
which allows us to understand under which conditions two different framed links L 
and L' determine homeomorphic 3-manifolds. 

Theorem 2.2 [Kj The closed oriented manifolds obtained by surgery on two dif¬ 
ferent framed links L and L' are homeomorphic by an orientation preserving home- 
omorphism if and only if the link L can be obtained from L' using a sequence of 
Kirby moves K 1 and K 2. 

Corollary 2.3 An unknot with framing ±1 can always be removed from a framed 
link L with the effect of giving to all arcs that intersect the disk bounded by the 
unknot a full left/right twist and changing their framings by adding =pl to each arc, 
assuming they represent different components of L. 

Proof. We have to repeat the application of move K 2 to each framed component. 
Finally we use move Kl to remove the unknot framed with ±1. □ 

Let us suppose to have a framed link L. A direct consequence of the previous 
corollary is the possibility to modify the framing of a component K of L by intro¬ 
ducing or removing a new circle framed by ±1 which links only K (see Figure [5]). 



Figure 5: Changing the framing. 


In the same way, Corollary |2.3| suggests that we can eliminate a linking between 
two components of L by introducing a ±l-framed circle (see Figure [ 6 ]). 
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Figure 6: Eliminate a linking between two components. 


2.2 Lens spaces 


A direct way to describe the space L(p,q ) is to think of it as the result of 
a rational surgery along the unknot with coefficient — p/q , as shown in Figure [T} 
By assuming the previous definition for the space L(p,q), it is quite immediate to 
understand that L(p,q) and L(— p, — q) are homeomorphic. For our purposes, we 
will not actually use this presentation, but we will prefer the integral one reported 
in Proposition 2.4 (see [PS, Proposition 17.3]). 



Figure 7: Rational p/q- surgery along the unknot. 


Proposition 2.4 Any lens space L{p,q) has a surgery description given by Figure 
[$| where —p/q — [a \,..., a n \ is a continued fraction decomposition, i.e. 

[o1, • • • i 0"n\ — i 5 ^ 

^2 -r- 


a n 


CL 1 a 3 


CLn—l 


CLn 



Figure 8: Integral surgery for L(p,q). 

In the case p ^ 0, the space L(p , q) has another useful model, ft can be thought 
of as the quotient of S' 3 under a properly discontinuous action of the group Z p . To 
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see this, let us consider the 3-sphere as a subspace of C 2 , that is 

S ' 3 := {(z,w) E C : \z\ 2 + \w\ 2 = 1}. 

We define on it an action of the cyclic group Z p as follows: let us fix a pair of 
coprime integer (p, q) satisfying 0 < q < p and put 

„ „ 2irin 2irinq 

■ : Z p x S 6 — > 5, n-(z,w):=(e p z : e p w). 

This map reveals to be a free action of the group on the 3-sphere, indeed 

1 . 0 • (z,w) — (e°z,e°w) — ( z,w ) 

27 T in 27 :inq 2i ri(n+m) 27 ri(n-\-m)q 

2 . fh-(n-(z,w)) = m-(e p z,e p w) = (e p z,e p w) = (n-\-fh)(z,w) 

2irin 2 rein 

3. n(z : w) — (z, w) implies e p z — z thus z — 0 or e p — 1. In both cases we 
reduce to n — 0 . 

Moreover, each element n E acts as a homeomorphism or, equivalently, we 
have a representation p : —> Homeo(S' 3 ). 

It can be shown that we may define the quotient space S 3 /Z p as the lens space 
L{p , q) for p ^ 0. Moreover, from this particular presentation we easily argue that 
L(p,q) and L(p,q + rip) are homeomorphic. This remark and the homeomorphism 
L(p,q) = L(—p, —q) justify the assumption generally made in literature 0 < q < p 
whenever p > 0 . 


2.3 Links in lens spaces 


So far we have understood how to represent a 3-dimensional manifold via framed 
link and when two different framed links return homeomorphic 3-manifolds. The 
next step is to get a suitable way to visualize links in a general closed orientable 
3-manifold M 3 . To do this, we will use Theorem 2.1 to represent M 3 as an integral 
surgery along a link (or a knot) in S' 3 . 


Definition 2.5. Let M 3 be a closed orientable 3-nranifold which is obtained by an 
integral surgery along a framed link I in S 3 . An link L in M 3 is represented as a 
mixed link in S 3 if it is given a diagram of the link I U L in S 3 . The link I is called 
fixed part , while the link L is called moving part (see Figure [9]). 

Since lens spaces are the result of a —p/q -surgery along an unknotted circle in 
S 3 , we can try to extend the notion of mixed link diagrams by admitting rational 
surgery coefficients. With this assumption, a link L in a lens space is representable as 
a mixed link whose fixed part coincides with the unknot and the surgery coefficient 
may be rational. 

Other two representations of links in lens spaces will be useful for our purposes, 
namely the punctured disk diagram introduced by [ GM ] and the closely related 
band diagram introduced by [T] . Their definitions can be recovered from a mixed 
link diagram representation as follows. By denoting the fixed part by U and recalling 
that S 3 = R 3 U { oo}, we can pick up a point p from U and suppose to identify it 
with oo. By considering on M 3 the standard coordinates system (x,y,z), we can 
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Figure 9: Example of mixed link. 


assume that U is described by the 2 -axis and then we project U U L to the xy -plane 
by the map 7r : R 3 —> R 2 , 7r(x,y,z) — (x,y) (see Figure [l0|. We need to suppose 
that the projection map is regular , that is n must satisfies the following conditions: 

1 . the differential d m (7r|^) of the restriction tt\l must have rank 1 for every point 
m E L] 

2 . no more than two distinct points of the link are projected on one and the 
same point on the plane; 

3. the set of double points, i.e. those on which two points project, is finite and 
at each double point the projection of the two tangents do not coincide. 

Definition 2.6. A punctured disk diagram of a link L in L(p,q) is a regular pro¬ 
jection of L U [/, where U is described by a single dot on the plane. 




Figure 10: Link in L(p,q): mixed link and punctured disk diagram. 

Supposing that the diagram is all contained inside a disk, we remove a neigh¬ 
borhood of the dot representing U in such a way that the diagram of L lies in an 
annulus. Then we cut along a line orthogonal to the boundary of the annulus, being 
careful to avoid the crossings of L. Finally, we deform the annulus to get a rectangle 
(Figure [TTj) . 


Definition 2.7. The described procedure gives back a presentation of a link in 
L(p,q) called band diagram. 



Figure 11: Link in L(p,q ): punctured disk diagram and band diagram. 


Since a link contained in the 3-sphere may be easier to study rather than a link 
in L(p, q), we might ask quite naturally how to get a lift in the 3-sphere of a link in 
L(p,q). If ojp.q : S 3 —> L(p,q) is the covering map with respect to the action of 7L V 
and if L is a link in L(p, q), we say that a link L' contained in the 3-sphere is a lift 
of L if it coincides with the preimage L' = (. L). Given a band diagram of a link 

in L(p,q), the following proposition gives back a useful method to construct its lift 
in S 3 . We define the Garnside braid A n in n strands as 

A n :— (cr n _icr n _2 • • • cri)(cr n _2 ... . .. <Ji, 


A 


n 


+n 
+(n - 




+3 

+2 

+1 




-(re-1) 


Figure 12: Garnside braid A r 


where ai are the Artin’s generators of the group of braids in n-strands B n . 

Proposition 2.8 [M], Proposition 6.4] Let L be a link in the lens space L(p,q), 

with 0 < q < p, and let be a band diagram for L with n boundary points. Then 
a diagram for the lift L' in the 3-sphere S 3 can be found by juxtaposing p copies of 
Bl and closing them with the braid A^ (see Figure 13). 



Figure 13: Diagram of the lift starting from the band diagram. 
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3 Fibered knots, open book decompositions and con¬ 
tact structures 

From now until the end of the section M 3 stands for a closed orientable 3- 
dimensional manifold. 

3.1 Fibered knots and links 

Intuitively a fibered link in M 3 is a link whose complement is a locally trivial 
bundle over S 1 . However, this assumption it is not sufficient to give a correct 
definition because we have also to require that the bundle map behaves nicely 
near L. 

Definition 3.1. A link L in M 3 is a fibered link if the two following conditions 
hold: 

• the complement of the link is the total space of a locally trivial bundle over 
the base space S' 1 , i.e. there exists a map p : M 3 \ L —> S 1 which is a locally 
trivial bundle. 

• for each component Li of the link L there exists a trivializing homeomorphism 
0 : v{Li) —$■ S 1 x D 2 such that the following diagram commutes 

v{K) \ K —^ S 1 x (D 2 \ {0}) 

p 
Y 

s 1 



where 7 r(x,y) := 

Remark 3.2. Two fibered link which are representative of the same homeo-equivalence 
class may have different hbration. Two homeo-equivalent link L\, L 2 will have the 
same hbration, i.e. they will be equivalent as fibered link, if the homeomorphism 
which realizes the equivalence respects the hbration maps. 

A generic bundle E with hber F over S 1 can be described as 

E= F x [0, 27 t] 

(x, 0 ) ~ (h(x), 27r) 

where h : F — > F is a homeomorphism of the hber and ~ indicates that we are 
identifying the corresponding points. This follows from the fact that S ' 1 is horneo- 
morphic to [ 0 , 2n] with endpoints identihed and the interval [ 0 , 2tt\ is contractible, 
so every bundle with hber F over [0, 2tt] is trivial. The homeomorphism h : F —> F 
is called monodromy. Moreover, if we dehne the mapping torus relative to the map 
h as the quotient space 

Fx[0,2tt] 

h ( x , 0) ~ (h(x), 27t) ’ 

we can think of E as the mapping torus of the associated monodromy map h. 

All the previous considerations allow us to dehne the monodromy associated to a 
hbered knot as the monodromy map relative to the knot complement. 
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Example 3.3. Let S 3 be the unit sphere in C 2 , and ( 21 , 2 : 2 ) = (pie 101 : p 2 e l6 ' 2 ) be 
two coordinate systems. If we consider the unknot U — {z\ — 0} = {p\ — 0}, the 
complement hbers: 

ttc :S 3 \U^S\ ( 21 , 22 ) ^ P-. 

\Z l| 

The equivalent expression of this hbration in terms of polar coordinates is given 
by 7rt/(pie z01 ,p 2 e* 02 ) = 9i. 

If we represent S 3 as spanned by the rotation of the 2-sphere R 2 U { 00 } around the 
circle /U{oo}, the point P generates the unknot U and each arc connecting P and P' 
generates a open 2-dimensional disk (see Figure p~4|) . These disks exhaust the knot 
complement, are disjoint and parametrized by the circle /U{oo}. Therefore, S 3 \U = 
S 1 x int(D 2 ). The fiber of the projection map 7 rp results to be homeomorphic to 
the interior of the disk D 2 and the associated monodromy is the identity map on 
the disk. 



Figure 14: Fiberiug the unknot. 


Example 3.4. Using the coordinate systems adopted in the previous example, let 
H + — {(21,22) G S 3 : Z\Z2 — 0} and P[~ — {(21,22) G S 3 : Z\Z2 = 0}. We will 
call H + positive Hopf link and H~ negative Hopf link , respectively. These links are 


represented in Figure 15 


The following maps give the desired hbrations 


7T+ : S 3 \H + S\ 
7r : S 3 \ H~ —> 5 1 , 


(21, 22) ^ 
(21,22) ^ 


Z1Z2 

ZlZ 2 \ 

ZlZ 2 

Z1Z21 
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Figure 15: Diagrams of H + and H . 


and, when written in polar coordinates, they become 7r ± (pie^ 1 , p 2 e ld2 ) = 9\ ± # 2 . 
The hbers of the map 7 W are homeomorphic to the interior of surfaces with boundary 
called positive Hopf band A + and negative Hopf band A~, respectively. Both of them 
result to be homeomorphic to the annulus S' 1 x [0,1]. 

In order to define the associated monodromy, it is useful to realize the annulus as 
the complex subspace A {z £ C : 1 < \z\ < 2 }. We define the positive Dehn twist 
along the core circle 7 := (|z| = 3/2} as the map given by 

D 7 : A -> A, Dj(pe i0 ) = pe W+Mp- 1 )). 


Since this map is actually a homeomorphism, we can invert it and its inverse 
is called negative Dehn twist along the core circle 7 . The image of a positive Dehn 
twist is reported in Figure 16 In the case of the maps 7r , the monodromy map 


coincides with a Dehn twist along the core circle of the annulus, positive or negative 
respectively. 




Figure 16: Positive Dehn twist about the core circle. 


Our aim now is to describe two moves, called plumbing and twisting, which 
enable us to construct all the possible hbered knots in M 3 starting from a fixed 
one. From now until the end of the section we will refer to a hbered link L as a pair 


















(F, L ), where F is the closure of the fiber F relative to L in M 3 . 

Let us now introduce two constructions for hbered links that change the link but 
maintain the property of being hbered: 

(A) Plumbing 

Suppose (F, L ) is a hbered pair in the particular case that the ambient 
manifold is the 3-sphere S 3 and let a be an arc included in F with endpoints 
on dF. We can find a 3-ball D a C S 3 such that 

f. D a HF cdD a , 

2. there is an embedding ip a : [—1,1] x [—1,1] —> F with (p a ([—1, f] x {0}) = a 
and Im((p a ) = D a n F. 

In another copy of S 3 we take a Hopf pair (A±, H ± ), either positive or neg¬ 
ative, with an arc /3 C connecting the two boundary components. Again 
we hnd a 3-ball Dp with the same properties as above and its corresponding 

map (p/ 3 . 



Identify dD a with dDp by an orientation reversing map / satisfying f(ip a (x, y )) = 
( pp(y,x ). Then form 

(S 3 -int(A,))U / (S 3 -int(D^)) 


and 


The result is a new surface F' C S 3 with boundary L'. In [Si] it is proved that 
the pair (F r , L') is hbered. The monodromy of this new pair may be chosen 
as h o Dl p where h is the monodromy for L on F and the identity on F' — F, 
7 is the core circle of A± and e = ±1. Since the described operation is local, 


13 






































it can be easily extended to an arbitrary 3-manifold M 3 by restricting to a 
suitable coordinate chart. 

(. B ) Twisting 

Let (F,L) be a fibered pair in M 3 and denote by F\, F 2 two parallel copies 
of F. Let 7 i C Fi be embedded circles and put e* = ±1. We require: 

1. There is an oriented annulus A embedded in M with dA — 71 U 72 . 

2. Putting 7 + for the oriented circle obtained by pushing off 7 i along F t 
with one extra e* full twist, 7 ^ and 73 ”, must intersect A algebraically 
one point each with opposite signs. 

Surgery on 71 and 72 with framings determined by 7 ^ and 7 ^ will return M 3 
and construct another fibered pair (F',L'). 

We are ready to report this result by Harer. 

Theorem 3.5 [H, Theorem 2] Let (F , L) and {F ', L') be fibered pairs in M 3 . Then, 
there are pairs {Fi,L\) and {F 2 ,Lf) such that 

1. (T 2 , L 2 ) is obtained from (F,L) using operation (A), 

2. (Fi,Li) is constructed from ( F',L') using (A), 

3. ( F\,L \) may be changed into {F 2 ,Lf) using ( B ). 

3.2 Open book decomposition 

A fibered link L in M 3 can be thought of as the binding of a book whose pages 
are the fibers of the bundle map. This intuition is formalized by the following 
definition. 

Definition 3.6. An open book decomposition of M 3 is a pair ( B , n) where 

1. B is an oriented link in M 3 called binding of the open book, 

2. 7T : M 3 \ B -» S' 1 is a locally trivial bundle such that 7 r _1 (d) is the interior of 
a surface Fq and 8Fq — B for all 9 G S 1 . The surface S = Fq is called the 
page of the open book. 

Again, we will refer to the monodromy of the decomposition (B,7t) intending 
the monodromy of the associated bundle 7 r : M 3 \ B — > S 1 . The previous definition 
is sometimes called non-abstract open book decomposition in order to distinguish 
it from the notion of abstract open book decomposition. 

Definition 3.7. An abstract open book decomposition is a pair (S,fi) where 

1 . S is an oriented compact surface with boundary, 

2. 0 : E -7- E is a diffeomorphism such that 0 is the identity in a neighborhood 
of d£. 
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From now until the end of the section we refer to |Ej for details. First of all we 
observe that given an abstract open book (E, h) we get a 3-manifold M 3 as follows: 

|d£| 

where <9E denotes the number of boundary components of E and T \ is the map¬ 
ping torus of h. Finally, means that the diffeomorphism 0 is used to identify the 
boundaries of the two manifolds. For each boundary component 7 of E the map 
0 : d(S 1 x D 2 ) —> 7 x S ' 1 is defined to be the unique diffeomorphism that takes 
S ' 1 x {p} to 7 where p E dD 2 and {g} x dD 2 to ({</} x [0,27r]/ ~) = S 1 , where 
q E S ' 1 and q' E 5E. We denote by Bk the cores of the solid tori S ' 1 x D 2 in the 
definition of M} h . 

Two abstract open book decomposition (Ei, 0 1 ) and (E 2 , 02) are said to be equivalent 
if there is a diffeomorphism F : Ei -7 E 2 such that F o 02 = 0i o F. 

To indicate an open book decomposition of a manifold M 3 we will refer to the ab¬ 
stract open book decomposition (E, h), where E is the page and h is the monodromy, 
instead of using (L, it). The relation between the two pairs is given by the following 
lemma. 

Lemma 3.8 We have the following basic facts about abstract and non-abstract 
open book decompositions: 

1. An open book decomposition (L, tt) of M 3 gives an abstract open book (E^h^) 
such that (Mfr ,Bh n ) is diffeomorphic to (M 3 ,L>). 

2. An abstract open book determines M^ and an open book {Bh^h) up to diffeo¬ 
morphism. 

3. Equivalent open books give diffeomorphic 3-manifolds. 

The basic difference between abstract and not-abstract open book decomposi¬ 
tions is that when discussing not-abstract decompositions we can refer to the binding 
and to pages up to isotopy in M 3 , whereas when discussing abstract decompositions 
we discuss them up to diffeomorphism. 

Definition 3.9. Given two abstract open book decompositions (E i,hf) with i — 
0,1, let Ci be an arc properly embedded in E^ and Ri a rectangular neighborhood of 
Ci, i.e. Ri = Ci x [—1,1]. The Murasugi sum of (Eo, ho) and (Ei, hi) is the abstract 
open book (Eo, ho) * (Ei, hi) with page 


Eo * Ei := Eq U# 0 =#! Ei, 


where Ro and R\ are identified in such a way that c* x {- 1 , 1 } = {dc l+ 1 ) x [- 1 , 1 ], 
and the monodromy is ho o hi. 


There is a precise relation between the manifolds T/ 3 So hQ y M 3 E| and the one 
determined by the Murasugi sum (Eo, ho) * (Ei, hi). This relation is reported in the 
following proposition. 
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Proposition 3.10 [ GaJ The following diffeomorphism holds 

M ('Eo,ho)# M f'£i,hi) ~ M (Z 0 ,ho)*{Zi,hi) 
where if indicates the connected sum. 

Definition 3.11. A positive (respectively negative ) stabilization of an abstract open 
book decomposition (E, h) is the open book decomposition with 

1. page S±T := SU B, where B = [—1,1] x [0,1] is a 1-handle, whose sides 
corresponding to {±1} x [0,1], are attached to the boundary of E , and 

2. monodromy S±h := ho D^, where D c is a positive (respectively negative) 
Delm twist along a curve c which lies in ST, and intersects {0} x [0,1] in B 
exactly once. 

We denote this stabilization S±(T,h ) = (S±E, S±h), where ± refers to the 
positivity or negativity of the stabilization. 


The stabilization has a clear interpretation in terms of the Murasugi sum. 

Proposition 3.12 If we consider the abstract open book decomposition associated 
to the Example 3-4 and we indicate it with (H ± ,D^), we have 

S ± (H,h) = (X,h)*(H ± ,D±). 

In particular, by Proposition 


3.10, it results AfJ ±( - E ^ — M^ h y 


3.3 Contact structures 

So far we have described only topological notions. Now, we are going to change 
the setting of our analysis introducing the differential viewpoint. We refer to ra. 

Definition 3.13. A 1-form a E A 1 (M 3 ) is said to be a positive contact form if 
a A da > 0. The 2-distribution £ C TM 3 is an oriented contact structure if locally 
it can be defined by a positive contact 1-form as £ = kero. 

Remark 3.14. There exists a more general way to define a contact 1-form on a 3- 
dimensional manifold M 3 by putting a A da ^ 0, but since we are interested only 
in positive contact forms, it suffices to define them. 

According to a classical result of Frobenius, the distribution £ = kero is inte- 
grable if and only if a A da = 0. Since an integrable distribution has to be involutive, 
that is closed under Lie bracket, f will be integrable if and only if a{[X\,X 2 ]) = 0 
whenever X{ E ker a,i = 1,2. Now, if we suppose £ integrable and we apply the 
Cartan formula to compute da, we obtain 

da(Xi,X 2 ) = C X2 {a{X 1 )) - C Xl {a{X 2 )) - a([X 1 ,X 2 }) 

and, thanks to the hypothesis of integrability, we get da{Xi,X 2 ) — 0 for all X \, X 2 E 
ker a. In particular, da has to vanish on £ = ker a. Therefore, the contact condition 
may be interpreted as a constraint which forces £ to be ” maximally non-integrable”. 
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Example 3.15. If on R 3 we consider the euclidean coordinate system (x,y,z), 
the standard contact form is given by a s t = dz + xdy and the associated contact 
structure is £ s t = ker a s t. 

Adopting the cylindrical coordinates (p,6,z) on R 3 , the form a — dz + p 2 d6 is 
another example of contact 1-form. In fact, after the change into the classical 
(x, y, z)-coordinate system, we get a = dz + xdy — ydx and so 

a A da = 2dx A dy A dz — 2 pdp A d6 A dz 


which is clearly different from 0 all over the points where the coordinate change is 
defined. It is easy to verify that the contact plane of the associated distribution 
are generated by — ~§q }- The planes relative to the points of the z -axis 

are horizontal, i.e. parallel to the xy-plane, and as we move out along any ray 
perpendicular to the z-axis the planes twist in a clockwise way. The twisting angle 
is an increasing function of r which converges monotonically to 7r/2 as r —> oo. 
Moreover, we observe that the distribution is invariant under translation along the 
2 -axis and under rotation on the xy-plane. 

Example 3.16. If we indicate with p — (£ 1 , 2 / 1 , £ 2 , 2 / 2 ) a point in R 4 and we consider 
the map F : R 4 aR defined by F(x\, 2 / 1 , £ 2 , 2 / 2 ) := £ 2 + 2/1 +£2 + 2/i> T is cl ear that 
S' 3 = F _1 (l) and T p S 3 = ker dF p — ker(2xidxi + 2y\dy\ + 2x2dx2 + 22 / 2 ^ 2 / 2 )- By 
identifying R 4 with C 2 , we can define a complex structure on each tangent space of 
R 4 . More precisely, by putting 


T ■ T 1 

Up . ±pl 


-A T, 


p ^ 5 


with p e R 4 
d 


d d d 

Jp(y dxi ' dyi Jp dyi ' dxi 


for i — 1,2 


we immediately see J p = —Id. Let £ be the distribution defined by 


£ p = TpS 3 n J P (T P S 3 ), with p G S' 3 . 


We claim that £ is a contact structure on S' 3 . We want to find a contact 1-form 
a such that £ = ker a. If we consider the 1-form df o J and we evaluate this form 
on the basis {d/dxi,d/dyi}, we can recognize that 


—df p o J p = 2x\dy\ - 2yidx\ + 2x2dy2 - 2y 2 dx2- 


Moreover, thanks to the equality J p = —Id, it is possible to verify that J p (T p S 3 ) = 
ker (—dfp o J p ). By letting a := —1/2 (df o «/) | ^3 , it is clear that £ = ker a. In 
order to verify that a A da > 0, we can pick up a point p = (£ 1 , 2 / 1 , £ 2 , 2 / 2 ) with 
£1 ^0,2/i ^ 0, 2/2 7 ^ 0 and choose a basis for the tangent space T P S 3 given by 


{ 


d 

dx\ 


£1 d d 
2/i dyi ’ dx 2 


£2 d d £1 d . 
2/2 $ 2/2 ’ 0£i 2/2 c>2/2 1 


On this particular basis, it easy to see that a Ada > 0. Hence we conclude that 
a = x\dy\ — yidxi + £ 2 ^ 2/2 — V2dx2\s 3 is a contact form on the 3-sphere. We define 
£ s t := ker a as the standard contact structure on S 3 . This structure can be read in 
polar coordinates as £ s ^ = ker(p 2 d$i + p 2 ^)- 
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Definition 3.17. Two contact 3-manifolds (M 3 ,£) and ( N 3 ,£') are called contac- 
tomorphic if there exists a diffeomorphism F : M 3 —> N 3 such that F*(£) = (£'), 
that is dF p (£ m ) = for all m E M 3 . If £ = kero and £ 7 = kero 7 , the previous 

condition is equivalent to the existence of a nowhere vanishing function / : M 3 —?► R 
such that F*a' — f • a. Two contact structures f and (' on the same manifold M 3 
are said to be isotopic if there is a contactomorphism h : (M 3 , £) —?► (M 3 , Q') which 
is isotopic to the identity. 

A remarkable result about contact 1-forms is Darboux’s theorem, which de¬ 
scribes completely their local behaviour (we refer to |OSl Theorem 4.4.1.13]). 

Theorem 3.18 Given a contact 3-manifold, (M 3 ,f), for every m E M there is a 
neighborhood U C M 3 such that (U,£\u) is contactomorphic to (V,£ s t\v) for some 
open set F Cl 3 . 

Therefore, every contact structure (ona 3-manifold M 3 is locally contactomor¬ 
phic to the standard contact structure on R 3 . Thus, given a point m E M 3 , we can 
find a suitable chart (£/, p) such that m E U and the local expression of £ in the 
coordinate system p{p) is equal to (x, y, z), where p E U, is given by h, s t — dz + xdy. 

3.4 Equivalence between definitions 

We have studied separately the three concepts of fibered links, open book decom¬ 
position and contact structures introduced so far. The next step is to understand 
how these notions relate to each other. In order to do this we fix a closed orientable 
3-manifold M 3 and we define the sets: 


F := {fibered links in M 3 up to positive plumbing} 

O := {open book decompositions of M 3 up to positive stabilization} 

C := {oriented contact structures on M 3 up to isotopy}. 

We start trying to establish a one to one correspondence between O and F. It 
follows by definition that the binding L of an open book decomposition is a fibered 
link for M. Viceversa, given a fibered link in M 3 , we have automatically an open 
book decomposition of M 3 . Moreover, the plumbing operation on fibered links 
becomes the stabilization procedure in terms of open book decompositions. Thus, 
it remains defined a bijective map 

n : O -)• F, n(ob) := B ob 

where B ob is the binding of the open book decomposition ob. 

The bijection between O and C reveals to be less immediate than the previous one. 
In order to find the desired correspondence, we need to understand when an open 
book decomposition and a contact structure result compatible. 

Definition 3.19. A contact structure £ on M 3 is supported by an open book de¬ 
composition (5, 7 r) of M if £ can be isotoped through contact structures so that 
there is a contact 1 -form a for £ such that 

1. da is a positive volume form on each page E of the open book and 
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2. a > 0 when restricted to the binding B. 


Equivalently, we will say that the contact structure £ and the open book (B,tt) 
are compatible. 


Theorem 3.20 [ TW ] Every open book decomposition of a closed and oriented 
3-manifold M 3 admits a compatible contact structure. 

Proposition 3.21 [Gil Proposition 2] Any two contact structures compatible with 
a given open book decomposition are isotopic. 

For a proof of both see [ OS ]. These two statements suggest that we have a well 
defined map 

T(o b):=U 


where ob is an open book decomposition of M 3 and £ 0 [, is the associated contact 
structure of Theorem 3.20 Giroux’s Theorem states that the map T is invertible. 
More precisely, we have the following 


Theorem 3.22 [G if Theorem 4] Two isotopic contact structures are supported by 
two open book decompositions which have a common positive stabilization. Equiva¬ 
lently it holds: 


A) For a given open book decomposition of M 3 there exists a compatible contact 

structure f on M 3 . Moreover, contact structures compatible with the same 
open book decomposition are isotopic. 

B) For a given contact structure £ on M 3 there is a compatible open book decompo¬ 

sition of M 3 . Moreover two open book decompositions compatible with a fixed 
contact structure admit a common positive stabilization. 


To sum up, thanks to Theorem 3.22 we get the following sequence of bijections 




realized by the maps II, T and their inverses. In particular, if we are interested 
in studying the open book decompositions of a 3-dimensional manifold, and so the 
hbered links, we can equivalently study the contact structures on the same manifold 
and try to classify the associated open book decompositions by the use of contact 
properties. 


4 Fibered knots in lens spaces 

The main goal of this section is to construct a mixed link diagram of some 
hbered links in lens spaces which are already known in literature in form of open 
book decomposition. The following lemma, which describes the effects of surgery 
on a fixed open book decomposition of a 3-manifold, will reveal to be essential for 
our purposes. 

Lemma 4.1 [0, Lemma 2.3.11] Let (S, h) be an open book decomposition for a 

closed orientable 3-manifold M 3 . 
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1) If K is an unknotted circle in M 3 intersecting each page E transversely once, 

then the result of a O-surgery along K is a new 3-manifold Mq with an open 
book decomposition having page E' = E — {open disk} (the disk is simply 
a neighborhood of the point of intersection of E with K) and monodromy 
h! — . 

2) If K is an unknotted circle sitting on the page E, then a Pl-surgery along K 

gives back a new 3-manifold Mf with open book decomposition having page E 
with monodromy hi — h o D^, where Dk is the Dehn twist along K. 

Proof We will give a sketch of the proof only for 1 ) by following Claim 2.1 of [KPj. 
Let us consider the standard open book decomposition of S 3 given by (Z) 2 ,Id) that 
has binding dD 2 — U and call U' the 0-framed knot. Since U' has to be transverse 
to each page in order to satisfy the hypothesis, we can think of it as a line orthogonal 
to the disk D 2 to which we add a point at infinity (see Figure [l 8 ](l)). 



Figure 18: 0-surgery on D 2 in S' 3 . 


To perform a 0-surgery along U' we take a thickened neighborhood V' of U' on 
which lie the meridian (i and the longitude A relative to U\ we remove V' and we 
glue it back by sending p i—> A. This procedure is completely equivalent to taking 
a new solid torus V" with meridian m and longitude l and gluing it in S 3 instead 
of V' using a homeomorphism of the boundaries which sends mpA and l — p. 
The open book decomposition of the resulting manifold, S 1 x S 2 , will have the 
annulus bounded by U and U" as page (see Figure [l8|(3)) and the identity map as 
monodromy. Thus 1) is proved in the particular case of a 0-surgery transverse to 
(D 2 , Id) in S 3 . 


Since the previous procedure can be easily extended to the more general case with 
page E for a 3-manifold M 3 , we have concluded. □ 

We will try to visualize how the open book decomposition (D 2 ,Id) of S 3 is 
modified by the 0-surgery along U'. Let us recall the model presented in Example 


3.3 thanks to which we think of S 3 as generated by the rotation of a 2-sphere around 
the circle l U {oo}. Suppose to identify U' with l U {oo}. 

By removing a neighborhood V' of U', we puncture each page of the decomposition 
(see Figure 19'2)). The surface obtained from the page is an annulus with two 
boundary components, the one generated by the point P and the other one generated 
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by the point R for example, as we can see in Figure [l9| 

By performing the 0-surgery, we attach another annulus along the boundary of 
each puncture. One of these annuli is generated by the arc RQ , represented in 
Figure [l9)(3). 





Figure 19: Construction of an open book decomposition for S 1 x S' 2 . 


From the previous reasoning we deduce that S 1 x S 2 is represented by a rotating 
2-sphere. This sphere is thought of as a disk whose boundary points are identified 
by a reflection along a fixed axis. The identification is represented in Figure 20 1). 
In the same way the page of the decomposition is spanned by the rotation of the 
segment PQ around l U {oo} (see Figure [T9|(3)) . 

Finally, we report an alternative representation of the decomposition of S 1 x S 2 
given by a mixed link diagram in Figure [20|(2) . 


(1) 




Figure 20: Representations of the open book decomposition for two different model 
of S 1 x S 2 . 


In particular part 1) of Lemma 4.1 tells us even more: it states not only that the 
page of the open book decomposition of M 3 will be punctured in correspondence 
of each intersection point with the surgery link, but it suggests also how the page 
of the new manifold Mq lies with respect to the surgery link, i.e. it gives back a 
representation of the binding L (boundary of the annulus A in Figure [20|( 2)) as the 
moving part of a mixed link whose fixed part is the 0-framed knot U'. 
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Now, thanks to the notion of open book decomposition and with the help of 
Lemma |4.1[ we are ready to show the key example of this survey. 

Proposition 4.2 Given p E Z, there exists a fibered link L C L(p, 1) represented 
by the mixed link diagram represented in Figure [dij Moreover the monodromy of the 
link L is given by Df p , where 7 is the core circle of the annulus A bounded by L. 



~P 




Figure 21: Fibered link in L(p, 1). 


Proof. Let us consider the standard open book (D 2 , Id) in S 3 with binding dD 2 = U. 
As before, the surgery knot links U exactly once and intersect each page transversely. 
By adding ± 1-framed components with the help of Kirby moves, we reduce the 
framing of the surgery knot to be 0. Thanks to Lemma 4.1, we know precisely how 
to get a mixed link representation from a 0-surgery transverse to the each page. To 
conclude, we can remove from the representation the ±l-components, getting back 
a —p-framed knot as in Figure |2l| 

The computation of monodromy needs to distinguish three different cases. If p = 0, 
a direct application of Lemma 4.1 shows that the monodromy is the restriction of 
the initial monodromy, which is exactly the identity in our case. Let us fix p > 0. 
Each + 1-framed circle added to reduce the framing of surgery knot to 0 contributes 
to the monodromy with a Df. Since we have exactly p components framed by +1, 
the monodromy results to be equal to DZ r \ as required. Finally, since the case 
p < 0 differs from the previous one only by sign, we have done. □ 



Figure 22: Construction of the fibered link L. 
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To extend our previous results to the more general case of the lens space L(p, q) 
with q > 1, we have to recall the presentation of lens spaces L(p, q) given by integral 
surgery on the framed link of Figure [ 8 } Then we modify the chosen link in order to 
present it as the closure of a suitable framed braid. 

Proposition 4.3 If —p/q has a continued fraction expansion given by [cq, < 22 ? • • •, CL n ] 
and L{p , q) is presented by the framed link L in Figure [$| then there exists a fibered 
link in L(p 1 q ) given by Figure. 



d\ +1 


Figure 23: Fibered link in L(p,q). 


Proof. The proof is a clear extension of the case q — 1. Let us consider the stan¬ 
dard open book decomposition (D 2 ,Id) of S 3 with binding U. We require that U 
links each component of the framed link exactly once and every component has to 
intersect the pages transversely. 

Firstly, we remove each linking of L by introducing +1 framed circles. Then, we 
keep adding ±f-framed circles to reduce to 0 each surgery framing. By applying 


Lemma 4.1, we get a mixed link from each 0-framed transverse surgery. Finally, we 
remove every ±l-component, to get the desired presentation. □ 


Example 4.4. We will give an example for the case p/q = [ 01 , 02 , 03 ]. Let us 
suppose to have a lens space L(p,q) represented by a framed link with three com¬ 
ponents. The first step of the algorithm is to represent the framed link as a closed 
braid (see Figure [24|d)). Then, we consider the standard open book decomposition 


(D 2 ,Id) of S 3 with D 2 in the position required by Proposition |4.3| with respect to 


the framed link. In order to remove each linking between the components we have 
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to introduce + 1-framed circles. To change a\ + 1, a 2 + 1 and 03 + 1 into 0, we keep 
introducing ±l-framed circles (see Figure |24|2)). At this point, we apply the first 
part of Lemma |4.l| to the page D 2 and we obtain a page punctured three times. 
Finally, we remove each circle previously added in order to get back the framed link 
shown in Figure |24)(3). 



Figure 24: Construction of a hbered link for p/q = [( 11 , 0 , 2 , 0 , 3 ] 


Remark 4.5. In the particular case described in Proposition |4.2| we can apply a 
plumbing operation to L to get the a hbered knot in L(p, 1). We represent it by the 


punctured disk diagram in Figure 25 



Figure 25: Punctured disk diagram for the hbered knot K. 


An analogous procedure involves the more general case of L(p , q). If we consider 


the example reported in Proposition 4.3, we need to repeat the plumbing opera¬ 
tion several times, once for each integer cp that appears in the continued fraction 
decomposition. 
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5 Lift in the 3-sphere of fibered links in L(jp , 1) 


In the first part of this section we are going to exhibit an example of the lift of the 
link exposed in Proposition |4.2| for both p < 1 and p > 1. The lift will be a negative 
Hopf link H~ for p > 1 and a positive Hopf link H + for p < 1. Since in both cases 
the lift reveals to be a fibered link, we can ask if the links of Proposition 4.2 may 
be obtained by quotienting the Hopf pairs in S 3 by the Z p -action. 

We dedicate the second part of the section to the explicit computation which gives a 
positive answer to the previous question. Since we are also interested in translating 
topological results in terms of contact structures, we will show that the standard 
contact structure on S 3 is Z p -invariant and determines a standard contact structure 
on all the lens spaces L(p,q). Moreover, this new contact structures reveal to 
support the open book decomposition associated to the quotient of H + when p < 1. 
A priori, it seems we have reached two different open book decompositions for 
L(p,— 1): the one associated to the link reported in Proposition 4.2 and the one 
obtained by quotienting H + under the Z p -action. We conclude the section by 
showing that these decompositions are equivalent. 

In order to determine a lift for the link in Proposition 4.2, we denote that link by 
L. To get the correct lift it is important to orient L thinking of it as the boundary 
of a generic page of the hbration. 

Let us consider the case p > 1. First of all we want to underline that [Ml represents 
the lens space L(p,q) as obtained by a rational surgery along the unknot with 
coefficient p/q, and not — p/q , as we have supposed so far. Thus, in order to apply 
correctly Proposition 2.8, we have to modify the framing —p. By following Section 


16.4 of 


we immediately understand that we can change the coefficient — p into 


p/p — 1 but we must add two extra twists to the link L (see Figure [26]). 




Figure 26: Changing framing of the fixed part: from — p to p/p — 1. 


Now we are ready to get the lift for p > 1. We start constructing a band diagram 


of L by following the procedure described in Section 1.3 (see Figure 28T)). The 


band diagram results to be the braid A 2 2 = cr 1 2 (see Figure [27]( 1)). Since we have 
only two components, the Garnside braid coincides with the generator a\ of the 


braid group. If we now apply Proposition T8, we see that the lift of L in S 3 is the 
closure of the braid 


A- := (AjYaF -1 ’ = (-DM” -1 ’ = 
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which becomes the positive Hopf link H + with the orientation previously fixed (see 
Figure [27| 2)). 

The case p < 1 results to be easier than the previous one, since the framing 
is already positive. We construct firstly the punctured disk diagram and then the 
associated band diagram (see Figure [28^1)). If we now apply Proposition 2.8, the 
lift of L in S' 3 coincides with the closure of the braid 


A + := A 2 2 q = 


< 4 , 


which is precisely the negative Hopf band H , according to the given orientation 
(see Figure [28|( 2)). 

(1) 




Figure 27: (1) Band diagram for L , (2) Lift for p > 1. 


( 1 ) 





Figure 28: (1) Band diagram for L, (2) Lift for p < 1. 

For both p > 1 and p < 1, the lift reveals to be a Hopf link, which is bbered 

can be 


4.2 


in (S' 3 . We are going to show that in L(p,— 1) the link of Proposition 
obtained as the quotient of H + under the action of Z p . First of all, we remember 
that for H + := {(z\, z 2 ) E S 3 \ziz 2 — 0} the projection map which realizes the 
hbration is given by 

tt + : S' 3 \ H + S' 1 , 7r+(pi, 0i, p 2 , O 2 ) := 0i + 0 2 . 

For the space L(p,— 1) the action of the generator ( G Z p can be written as 
follows 

/- ( i6\ iO 2 \ i (0i —(- ) i(02 — — )\ 

C • {Pi e \p 2 e 2 ) = (pie W,p 2 e v p J ) 

E (S' 3 . Hence, the components of H + are stable under 


D i0 2 ' 


for every point (pie 4 * 1 , p 2 e 
the Z p action. In fact, choosing for instance the component {z\ = 0}, it results 


C ' (0, e i&2 ) = (0, e 


i(«2-ir) 
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so £ • e 101 is still a point of {z\ — 0}. The same is true for the other component 
{z 2 = 0}, but we have to change the sign in the action of £. In the same way, the 
map n + is stable under the action of £. Indeed, we have 

7T + (C • (pu 0l,P2, O 2 )) = 7T + (Pl, 0l + — , P2, 62 - —) = 0i + — + 02 ~ ~ 

p p p p 

and thanks to cancellation the result coincides with 7r + (pi, 9i, P 2 , O 2 ). Hence, we 
have a well dehned map 

Kp-i : L(p, -1) \i2j_! ->• S\ 7T+_ 1 [pi,6»i,p 2 ,6 l 2] := 9i + 0 2 

where [pi, 9\, P 2 , 9q\ stands for the equivalence class of the point (pi, 9\, p 2 , ^ 2 ) in 
L(p, —1) and, with the introduction of an abuse of notation, H p _ 1 := H + / Z p . We 
now consider the annulus embedded in S 3 and parametrized by the equation 

i+ : [0,1] x 5 1 q S' 3 , i+(t, 0) := (\/l — t 2 , —9, t, 6) 

and we set A + := Im?’+. This annulus is 7L V stable, since it holds 

C-i+(t,9) = C- (v 7 ! - t 2 , ~9,t,9) = (\/l - t 2 , -0 H-, t, 6>-) 

p p 

which is exactly a point of the form i+(t,9 — E A + . Then, by indicating 
with Ap_ 1 := H + /Z p , we have shown that the pair 7r^’_ 1 ) is an open book 

decomposition for L(p, —1) with page _ 1 . 

The next is to prove the compatibility of (Hp_ 1: 7r^“_ 1 ) with a suitable contact 
structure on L(p, — 1). To determine the desired contact structure we can observe 
that the standard contact structure £ s t = ker a induces a contact structure on every 
lens space L(p,q) with p ^ 0. Indeed, the action of an element G Z p C 17(1) 
fixes the form a, as shows the following computation 

( n ■ a — p\d{9\ + + p\d{9 + ^ j7Xn( ^ \ — p^dQ 1 -g pld02 = a, n E Z 

p p 

and this proves that we have a well dehned contact 1-form on L(p,q) induced 
by a. 

Definition 5.1. The contact structure induced on L(p,q) by the standard contact 
1-form of S' 3 under the action of Z p is called standard contact structure on the lens 
space L(p,q). We indicate the 1-form associated to this structure with a p , q . 

I 11 order to show the compatibility of a p -\ with (i7 p h _ 1 ,7r P) _i), it suffices to 
prove the compatibility of the standard contact structure on S 3 with (i7 + , 7T + ). For 
a fixed value co — 9\ + # 2 , the page (7r + ) -1 (u;) is parametrized by 

i+ : [0,1] x S 1 —> S' 3 , i+(t, 9) := (\/l — t 2 , co — 9,t,9). 

By considering 

a + := i+(pi, 0i, P 2 -, 9 2 ) = (1 — t 2 )d(iu — 9) + t 2 d9 — (2 1 2 — 1 )d9 
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and computing its differential da + = d[( 2 t 2 — 1 )dQ] — AtdtAdd, we obtain a positive 
volume form on the annulus. Now, if we consider the component of H + given by 
{zi = 0}, this has 8/862 as tangent vector and a{ 8 / 892 ) > 0. I 11 the same way, the 
component given by {z 2 = 0} has tangent vector 8/89\ and a{8/89 1 ) > 0, so we 
have proved that £ s t is supported by (H + ,7r + ). 

Since we have obtained two distinct open book decomposition for L(p, — f), the one 
determined in Proposition 4.2 and the one induced by the open book (iS + , 7 r + ), 


we wish to show now the these two open book decompositions are equivalent. To 
do this, we start considering the abstract open book associated to (H/~_ 1 , 7 rj"_ 1 ). 
The page coincides with the annulus A = S 1 x [0, 1 ]. If h is the monodromy, the 
decomposition results to be (. A,h ). Since h in an element of the mapping class 
group MCG(A), which is isomorphic to group Z generated by the positive Delm 
twist along the core circle 7 = S ' 1 x { 1 / 2 }, we must have h := with k G Z. 
Thanks to Lemma |4.1[ we know that k has to be equal to p in order to get back 
the space L(p, —1), so the abstract results to be (A,Dj). But this decomposition is 
exactly the one associated to the open book obtained in Proposition T2 Thus the 
two decompositions obtained must be diffeomorphic. 
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